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Smooth Manifold Structures

A manifold structure on (CPn ×Dk,CPn ×Sk−1)
is a homotopy equivalence

(f , ∂f ) : (M, ∂M)
'
−→ (CPn ×Dk,CPn ×Sk−1)

whereM is a smooth manifold and ∂f is a diffeo-
morphism.

The (simple) Structure Set

SDIFF
∂

(CPn ×Dk) := equivalence classes of smooth

manifold structures, (f1, ∂f1) ∼ (f2, ∂f2) if

(M1, ∂M1)

(CPn ×Dk,CPn ×Sk−1)

(M2, ∂M2)

(f1,∂f1)

(f2,∂f2)

g ∼=

Surgery Exact Sequence

for 2n + k odd:

Z or Z2 → S∂(CPn ×Dk) → N∂(CPn ×Dk) → 0

for 2n + k ≡ 0mod 4:

0 → S∂(CPn ×Dk) → N∂(CPn ×Dk)
σ4s
−−→ Z

for 2n + k ≡ 2mod 4:

0 → S∂(CPn ×Dk) → N∂(CPn ×Dk)
σ4s+2
−−−→ Z2

N∂(CPn ×Dk) := set of normal invariants
∼= [Th(CPn ×Dk),G/O] - a generalized
cohomology theory

σn := the surgery obstruction map

σ4s([M, f ]) = 1
8
(sign(M) − sign(CPn ×Dk))

σ4s+2([M, f ]) =Arf invariant

Smooth normal invariants Splitting invariants

NDIFF
∂

(CP6 ×D2) ∼= Z3 ⊕Z3
2 Im(i∗) ⊆ N TOP

∂
(CP6 ×D2) ∼= Z3 ⊕Z4

2

(m, n, p, α1, α2, τ ) (−m, 16m + 28n, −662m − 632n − 496p, τ mod 2,
α1 + τ mod 2,m + α1 + τ mod 2,m + α1 + τ mod 2)

Table 1. Splitting invariants

Normal Invariants ofCPn ×Dk

From fibrationG/O → BO → BGwe get:

0 → [Th(CPn ×Dk),G] → N∂(CPn ×Dk) →
→ K̃O

0
(Th(CPn ×Dk))

JTh−−→ [Th(CPn ×Dk),BG].
Since Th(X × Dk) ' ΣkX ∨ Sk:

N∂(CPn ×Dk) ∼= [Σk CPn,G/O] ⊕ πk(G/O)
∼= ker JΣk CPn ⊕ [Σk CPn,G] ⊕ πk(G/O)
∼= Zt ⊕ torsion ⊕ πk(G/O), t ∼ bn2c

ker J: Adams conjecture for a general space X

ke(Ψk − id)ξ ∈ ker J

Adams,Walker: ForCPn (almost) equivalent

to ξ ∈ K̃O
0
(CPn) satisfying

sh ξ = ch(1 + β)

for some β ∈ K̃O
0
(CPn)

Also holds for Σk CPn

[Σk CPn,G]: more difficult, spectral sequence,

involves πsn

The SurgeryObstruction Map

σn,k : N∂(CPn ×D2k) → Z or Z2

n + k even:

σn,k([M, f ]) =

(
sign(M)−sign(CPn ×D2k)

)
8 ∈ Z

Gluing (CPn ×D2k, id) along boundary
Closed manifold −→ Hirzebruch SignatureThm

σn,k(ξ) = 〈L(τCPn)(L−1(ξ) − 1), [CPn ×D2k]〉

for ξ ∈ [Th(CPn ×D2k),G/O]
In particular σn,k([Σ

k CPn,G]) = 0

n + k odd:

σ4k+2([M, f ]) = Arf (qM,f ) ∈ Z2, where qM,f is

the associated quadratic form

Sullivan, Rourke:

σ4k+2([M, f ]) = 〈V2(M) ∪ f ∗K̃, [CPn ×D2k]〉

for the surgery class K̃ ∈ H̃4∗+2(G/O;Z2)

n 1 2 3

N∂(CPn ×D2) Z⊕Z2 Z⊕Z2
2 Z2 ⊕Z4

2

n 4 5 6

N∂(CPn ×D2) Z2 ⊕Z2
2 ⊕Z3 Z3 ⊕Z2

2 ⊕Z3 Z3 ⊕Z3
2

Table 2. Normal invariants for k = 2

Comparison withTopological Surgery

0 0

SDIFF
∂ (CPn ×D2k) STOP

∂
(CPn ×D2k)

NDIFF
∂ (CPn ×D2k) N TOP

∂
(CPn ×D2k)

Z or Z2 Z or Z2

i∗

σDIFFn,k σTOP
n,k

where N TOP
∂

(CPn ×D2k) ∼= Za ⊕Zb
2 and

STOP
∂

(CPn ×D2k) ∼= Za−1 ⊕Zb
2 or Za ⊕Zb−1

2
We computed Im(i∗) for k = 2, 4, 6 and 1 ≤ n ≤ 6.

Further Research
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∂ (CPn)

SDIFF
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STOP
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