


Misconceptions in Probability Learning

• Misconceptions occur even in basic probability concepts at low levels of abstraction 

(Batanero & Sánchez, 2005).

• Probabilistic reasoning often leads to counterintuitive results already at an elementary level 

(Borovcnik & Peard, 1996).

• In most areas of mathematics, counterintuitive results appear only at high levels of 

abstraction.

• This special nature of probability explains why misconceptions and difficulties persist even in 

secondary school (Shaughnessy, 1992; Fischbein, Nello, & Marino, 1991).
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Historical Misconception: d’Alembert’s Error

• Even great mathematicians can make mistakes in probability (Gorroochurn, 2014).

• Jean le Rond d’Alembert (1717–1783) analyzed the problem: 

“What is the probability that at least one head appears in two tosses of a fair coin?”

• He rejected the correct answer 3/4 and reasoned incorrectly:

• If the first toss is heads, no second toss is needed.

• Considered only outcomes: H, TH, TT.

• Concluded probability = 2/3.

• His reasoning was flawed because these outcomes are not equally likely.

• The incorrect solution was even published in his Encyclopédie article (d’Alembert, 1754, Vol. IV, pp. 512–513).
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Addressing Misconceptions in Probability

• Effective tools: Experimentation, manipulatives, and visualization (Paliwal, 2018).

• Gradual development of concepts aligns with the constructivist approach to 

teaching.

• After the constructivist phase, it is important to:

• Formalize the concepts.

• Introduce correct mathematical symbolism and terminology.
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Innovative approaches to teaching probability

• Developed as part of the KEGA 037UK-4/2024 Innovative learning 

technologies in the preparation of future mathematics teachers and 

Digital Transformation of Education and Schools (DiTEdu, code 

ITMS2014+: 401402DVR6). 

• Aim to foster a deep conceptual understanding of probabilistic 

concepts through their gradual constructivist development, with an 

emphasis on visualization, manipulative activities, and 

experimentation. 

• The topics covered include geometric probability, conditional 

probability and expected value.
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Geometric probability: Franc-carreau (Fair-square)

We toss a coin into the air above a square-grid game board. 

We win if the coin lands entirely inside one of the squares. If the 

coin intersects any side of a square, we lose. 

What is the probability that the coin will lie completely inside 

a square (i.e., that it will not land on any of the square’s sides)?

(Kubáček, 2010)
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Geometric probability: misconceptions

• Misuse of Discrete Reasoning

• Students list discrete outcomes as if using Laplace’s classical definition.

• They fail to see that the situation is fundamentally different from problems 
with finite sets of equally likely outcomes.

• Inappropriate “Target-Shooting” Example

• Even university students propose shooting at a target as an introductory task.

• This is not a random process because the shooter deliberately aims.

• Indicates that students do not understand the assumptions required for 
geometric probability.

• Confusion Between Impossible Events and Probability Zero

• Task: Choose 𝑥, 𝑦 ∈ 0,1 uniformly and independently; find 𝑃 𝑥 + 𝑦 = 3/2 .

• Students confuse an impossible event with an event of probability zero. 9



Conditional probability: Visualisations in Cabs’ Problem

A cab was involved in a hit and run accident at night. Two cab companies, the 

Green and the Blue, operate in the city. 85% of the cabs in the city are Green and 

15% are Blue.

A witness identified the cab as Blue. The court tested the reliability of the witness 

under the same circumstances that existed on the night of the accident and 

concluded that the witness correctly identified each one of the two colors 75% of the 

time and failed 25% of the time.

What is the probability that the cab involved in the accident was Blue rather than 

Green knowing that this witness identified it as Blue?

(Tversky & Kahneman, 1980)
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Visualizations in Cabs’ Problem
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Conditional probability: misconceptions

• Not Recognizing the Restricted Probability Space

• Students fail to notice that a condition narrows the probability space.

• This affects the frequencies used in calculating the desired probability.

• Confusing 𝑃 𝐴 ∣ 𝐵  and 𝑃 𝐵 ∣ 𝐴

• Students often mix up the two conditional probabilities.

• Uncertainty about:

• Which value they are supposed to find.

• Which value is already given in the problem.
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Expected value: Dices with modified numbering

The table below shows six dice and the numbering of their faces.

Try to guess which die will produce the highest total sum after 

60 rolls.

Then, try to explain why you think this particular die will have the 

highest sum.

(Križánková, 2024)
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Expected value: misconceptions

• Misunderstanding the Law of Large Numbers

• Students think the sum cannot be estimated without knowing exact outcomes.

• Expected Value Must Be a Possible Outcome

• Students struggle with the idea that the expected value may not appear on the die.

• Example: mean of a standard die is 3.5, which is not a face value

• Confusing Expected Value with the Most Probable Value

• Some choose the die with more 6s as “best”.

• Fail to see that dice with the same expected value are equivalent.

• Expected Value as a Guaranteed Result

• Students believe a game with positive expected value must always produce a win, or that repeated play 
cannot lead to losses.

• Corrected through experimentation + reminding them of the Law of Large Numbers. 14
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Overview of Collected Teacher Feedback

• Feedback on selected instructional materials was gathered through questionnaires.

• Conditional probability materials

• Presented during a workshop at Two Days with Mathematics Education 2024.

• Expected value materials

• Presented during a workshop at Two Days with Mathematics Education 2025.

• All three topics (geometric probability, conditional probability, expected value)

• Included in the program Innovative Training: Learning to Teach Mathematics that Inspires.

Note on Geometric Probability

• Materials used during the online portion of the training.

• No feedback collected for this topic.
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Feedback on the materials on expected value

• Teachers' responses were analyzed using thematic analysis (Schreier et al., 2019).

• The table shows: Identified codes and example of teacher statements illustrating each code.
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Feedback on the materials on conditional probability 1

• How did you like the presented approaches to solving tasks focused on the use of conditional 
probability?

• Approaches: table of frequencies, unit-square visualization, tree diagram; scale: positive 1—2—3—4—5 
negative.
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Feedback on the materials on conditional probability 2

• Which approach to solving the tasks would you prefer when teaching your students?

• Approaches: a) table of frequencies, b) unit-square visualization, c) tree diagram, d) Bayes’ formula; (teachers 
were allowed to select multiple options).
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Future Work
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• Verification of the proposed materials by in-service teachers 

within school mathematics teaching.

• Revision of the materials based on the collected feedback.

• Design and development of additional materials and 

activities related to introducing probability and statistics 

concepts in secondary school.
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Thank you for your attention
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