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Introduction

We analyze positive 1‐periodic solutions of

x′(t) = f(x(t)) + x(⌊t⌋)g(t − ⌊t⌋), t ≥ 0 (1)

where ⌊.⌋ : [0, ∞) → N ∪ {0} is the standard
floor function, i.e. ⌊t⌋ = n if t ∈ [n, n + 1) for
some n ∈ N ∪ {0}.
The problem (1) represents a numeric model
that describes temperature changes in a space
bounded by outside environment. A solution
of problem represents temperature of the space
cooledby colder environment; thenegative func‐
tion f represents cooling up to zero. The space
is simultaneously warmed by a heating agent in‐
side; the positive function g represents heating.
Moreover, the functiong ismultipliedby the tem‐
perature values at discrete points so that the ac‐
tual temperature is affected by previous temper‐
ature.
In our work, we use the comparison principle
for differential equations to prove the existence,
uniqueness and asymptotic stability of positive 1‐
periodic solutions.

Preliminaries

The functions f, g satisfy the following condi‐
tions:
1. f : [0, ∞) → [−∞, 0) is continuously

differentiable, f(0) = 0 and f(x) < 0 for x > 0,

2. g : [0, 1] → (0, ∞) is continuous.

A continuous function x : [0, ∞) → R is a solu‐
tion of the equation (1) if for every n ∈ N ∪ {0},
the function x is continuously differentiable over
(n, n + 1), and the equation (1) is satisfied for
t ∈ (n, n + 1).

In order to study 1−periodic solutions of (1), we
will consider the problem

x′(t) = f(x(t)) + x(0)g(t), t ∈ [0, 1], (2)
x(0) = x(1), (3)

where x′(0) and x′(1) are the corresponding one‐
sided derivatives.

Results

In the proofs, we use the comparison principle
along with the following lemma.

Lemma

Let f(x) = −ηx where η > 0. Then there
exists a unique η∗ = η∗(g) > 0 such that for
every positive solution x of (2), the following
assertions are true:
1. If η > η∗, then x(1) < x(0).
2. If η < η∗, then x(1) > x(0).
3. If η = η∗, then x(1) = x(0).

The value η∗ is the unique root of the equation∫ 1

0
eηt(g(t) − η) dt = 0

and represents a boundary between stability and
unstability of the zero solution.

Theorem

Let f, g satisfy the conditions 1,2, and let η∗

be as in the lemma. Assume that

lim
x→0+

f(x)
x

> −η∗ > lim
x→∞

f(x)
x

.

Then there exists apositive solution xof prob‐
lem (2)‐(3), hence a 1−periodic solution of
(1).
Moreover, if the function f(x)

x is decreasing on
interval (0, ∞), then the positive 1−periodic
solution x is unique and for every solution y of
(1) such that y(0) > 0, it holds

lim
t→∞

(x(t) − y(t)) = 0. (4)
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Example

Consider the equation

x′(t) = −x(t)
3

− x2(t) + x(⌊t⌋)e−(t−⌊t⌋), t ≥ 0.

(5)
Due to the results, there is a unique positive 1‐
periodic solution x.

Figure 1. Comparison of solutions x− (black line) and x+
(red line).

The equation can be solved numerically and we
find that η∗ ≈ 0.601. In the Figure 1, we see two
solutions x−,+ of (5) over the interval [0, 100]. For
x−, we chose x−(0) = 0.03 and for x+, x−(0) =
0.3. The function x− (x+) is a subsolution (super‐
solution) of (2) and x−(n), x+(n) for integern con‐
verge to a value that is the initial condition for the
periodic solution. Numerical computations show
that x−(100) ≈ 0.256 and x+(100) − x−(100) ≈
1.64 × 10−9. This means that x−(100) approxi‐
mates the initial value of the 1‐periodic solution
with error 1.64 × 10−9.

The problem (5) describes temperature changes
in a space bounded by outside cold environment
for particular functions f and g. We see that
for such f, g, the optimal initial temperature is
approximately equal to 0.256 and repeats regu‐
larly at every positive integer point. If the ini‐
tial temperature is higher or lower, then, after
some time, it becomes close to optimal due to
the asymptotic stability of the periodic solution
in sense of (4).
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