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The flavour puzzle

flavour symmetry ?



The flavour symmetry approach

modular flavour symmetries

𝛾

𝐺𝑚𝑜𝑑 = 𝑆𝐿(2, 𝑍)

finite image of 𝑆𝐿 2, 𝑍 : 𝑆3, 𝐴4, 𝑇
′, 𝑆4, … 

lattice left 
invariant by 
modular 
transformations:



The flavour symmetry approach

modular flavour symmetries

traditional flavour symmetries

𝛾

𝑔

𝐺𝑚𝑜𝑑 = 𝑆𝐿(2, 𝑍)

finite image of 𝑆𝐿 2, 𝑍 : 𝑆3, 𝐴4, 𝑇
′, 𝑆4, … 

𝐺𝑡𝑟𝑎𝑑



traditional flavour symmetry            flavons              alignment problem



Eclectic flavour groups

in TD approaches, e.g. string theories, they both appear

heterotic string compactification containing a 𝑇2/𝑍3 sector

Ω 1 ≅  Δ 27  ⋊   𝑇′ 

𝑈𝐼(𝑔) 𝜌𝐼(𝛾)

[can be extended to include 
also CP and R-symmetries]

eclectic flavour group
of order 648

[Niles, Ramos-Sánchez, Vaudrevange, arXiv:2001.01736
Nilles, Ramos-Sánchez, Vaudrevange, arXiv:2004.05200
 Baur, Nilles, Ramos-Sánchez, Trautner, Vaudrevange, arXiv:2112.06940
 Trautner, arXiv:2204.06581]

modular + traditional flavour 
symmetry are not independent

eclectic flavour symmetry            flavons              alignment problem

related approach: quasi-eclectic flavour symmetries
[Chen, Knapp-Pérez, Ramos-Hamud, Ramos-Sánchez, Ratz, Shukla, arXiv:2108.02240]



mass matrix of matter fields 𝜙 and 𝜙𝑐 transforming as 3(0) of Ω 1   

doublet of modular forms of 𝑇′ 

flavon triplet of Δ 27  

[Baur, Nilles, Ramos-Sánchez, Trautner, Vaudrevange, arXiv:2207.10677]

Here is the problem. The modular symmetry removed flavons 
and eclectic symmetry has brought them back.



can we eliminate flavons?

𝑈𝐼 𝑔  →  Δ 27  → ?

representation
finite
image

infinite
modular group

𝜌𝐼 𝛾  →  𝑇′  →  𝑆𝐿 2, ℤ

Can “traditional” flavour symmetry also have a geometric origin?



can we eliminate flavons?

𝑈𝐼 𝑔  →  Δ 27  →  H(ℤ)

representation
finite
image

infinite
modular group

𝑆𝐿 2, 𝑍  and 𝐻 act on two moduli 𝜏, 𝑧  such that 

𝜏 𝑧

H(ℤ)

𝑆𝐿(2, ℤ)

𝜏

𝛾 𝜏

ℎ 𝑧

𝛾 𝑧

𝐻 broken by the new modulus 𝑧: no flavons needed

𝜌𝐼 𝛾  →  𝑇′  →  𝑆𝐿(2, ℤ)

modular and “traditional” transformations are now parts of one infinite symmetry

Can “traditional” flavour symmetry also have a geometric origin?



candidate for  H(ℤ)

𝑋 and 𝑌 remind translations for a charged particle in a magnetized torus

action on moduli 𝜏, 𝑧  - simplest choice:

(𝜆, 𝜇) ∈ ℤ

𝑋 𝑌 = 𝑌 𝑋  on moduli  

on coordinates

𝑋 𝑌 = 𝑒𝑖 2𝜋 𝜙𝑌 𝑋 on the particle 
wave function

𝑍2

𝑋 𝑌

H(ℤ) = 𝑋, 𝑌, 𝑍| 𝑍 𝑐𝑒𝑛𝑡𝑟𝑎𝑙, 𝑋 𝑌 = 𝑍2 𝑌 𝑋
Heisenberg

 integral group

𝑋 𝑌 = 𝑌 𝑋

a gauge transformation



                                                                      

𝜏 𝑧

H(ℤ)

𝑆𝐿(2, ℤ)

𝜏

𝑎 𝜏 + 𝑏

𝑐 𝜏 + 𝑑

𝑧

𝑐 𝜏 + 𝑑

𝑧 + 𝜆 𝜏 + 𝜇

determined by

𝛾 𝐻 𝛾−1 = 𝐻
𝛾 ∅ = ∅ 

holomorphicity

Ω 1 ≅  Δ 27  ⋊   𝑇′ 

Γ𝐽 ≅ H(ℤ) ⋊ 𝑆𝐿(2, ℤ)integral Jacobi group

image mod 3



level-3 SUSY Jacobi-invariant theory

define an automorphy factor, 
generalizing  𝐽𝑘 𝛾, 𝜏 = 𝑐𝜏 + 𝑑 𝑘 for 𝑆𝐿(2, ℤ)

𝐽𝑘,𝑚 𝑔; 𝜏, 𝑤 = 𝑐𝜏 + 𝑑 𝑘𝑒𝑖 2𝜋 𝑚 𝜃 𝑔;𝜏,𝑤

𝑤 ≡
𝑧

3

Jacobi index

Jacobi modular forms

matter multiplets under Jacobi group



a minimal charged-fermion assignment

𝑞, 𝑙, 𝑢𝑐 , 𝑑𝑐 , 𝑒𝑐  ~ (1,6, 3 0 )

(𝑘,𝑚, 𝜌)
ℎ𝑢,𝑑~(0,0,1)

ℳ𝑌𝑋 =

(𝑋1, 𝑋2, 𝑋3) (𝑌1, 𝑌2) Jacobi modular forms

same (𝜏, 𝑤) for all charged fermions

no flavons



compare with conventional eclectic



a geometrical origin of the hierarchies

a basis exists where

𝑌𝑓(𝜏, 𝑤) =
0 0 0
0 × ×
0 × ×

𝑚𝑢 = 𝑚𝑑 = 𝑚𝑒 = 0

𝑉𝑢𝑠 = 𝑉𝑢𝑏 = 𝐽𝐶𝐾𝑀 = 0

a small displacements 𝜂 ≠ 0 from this exact locus generates
first-generation masses, remaining mixing and CP violation

“modular protection”

𝜂 = 𝑤 −
𝑎 𝜏 + 𝑏

6
= 0 𝑎, 𝑏 ∈ ℤat the two-torsion locus



holomorphy is not enough

universal matter metric

does not reproduce the 
quark data

symmetry-selected kinetic tensors

no new flavour spurions

1

6

𝐾 ∝ 1 𝐾 = 1 + 

𝑌

𝑐𝑌 𝑌 𝑌
+ +⋯

generic Jacobi 
vacuum

𝑟𝑢, 𝑟𝑑 , 𝑟𝑒 real
𝜏 ≠ − 𝜏 ∗

𝑤 ≠ − 𝑤 ∗

spontaneous CP violation𝐽𝐶𝐾𝑀 ≠ 0

CP at the Lagrangian level



quarks + leptons: proof of principle

important caveat: some preferred Kähler metrics 
are strongly hierarchical

𝑞, 𝑙, 𝑢𝑐 , 𝑑𝑐 , 𝑒𝑐  , 𝜈𝑐~ (1,6, triplets) × multiplier

NO

 

𝑖

𝑚𝑖 = 0.202  𝑒𝑉

𝑠𝑖𝑛2𝜃23 = 0.460

𝛿𝐶𝑃
𝑙 /𝜋 = 1.46 not used in the fit

𝑚𝛽 = 0.06 𝑒𝑉

𝑚𝛽𝛽 = 0.06 𝑒𝑉



The fit rediscovers the geometry

𝜂 = 𝑤 −
 𝜏 + 1

6
= 0

best fit: 𝜂 ≅ 1.5×10−3

the best fit lies very close
to the two-torsion locus 

𝜂 = 0 
(geometry not 

imposed in the fit)

The fit rediscovers the geometrical relation 𝑤 =
 𝜏+1
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modular and “traditional” transformations can 
be incorporated into one infinite symmetry Γ𝐽 ≅ H(ℤ) ⋊ 𝑆𝐿(2, ℤ)

proof of principle for a realistic model of quark and leptons

Conclusion

hierarchy arises naturally

spontaneous CP violation

a single point 𝜏, 𝑧  for quarks and 
leptons 





back-up slides



𝑇2/ℤ𝐾

𝑇2/ℤ6

structurally 
different

no analogous 
semidirect product

the construction is not a trick tailored only to Ω(1)



Jacobi as a gauge group



Jacobi automorphy factor



Kähler potential

𝐾 = 𝐾𝑚𝑜𝑑 𝜏, 𝑤 + 𝐾𝑚𝑎𝑡𝑡𝑒𝑟

ℎ, 𝜈 > 0

𝐾𝑚𝑜𝑑 𝜏, 𝑤  
𝑔

 𝐾𝑚𝑜𝑑 𝜏, 𝑤 + log 𝐽ℎ,𝜈 𝑔; 𝜏, 𝑤 + log 𝐽ℎ,𝜈 𝑔; 𝜏, 𝑤



superpotential

𝑊 = 𝑌𝐼1… 𝐼𝑛 𝜏, 𝑤  𝜙𝐼1…𝜙𝐼𝑛

assume 𝑊 transform covariantly

𝑊 
𝑔
𝐽𝑘𝑊,𝑚𝑊  𝜌𝑊 𝑔  𝑊

𝑌𝐼1… 𝐼𝑛 𝜏, 𝑤  𝜙𝐼1…𝜙𝐼𝑛  

not vanishing

𝜌𝑌⨂ 𝜌𝐼1   …⨂ 𝜌𝐼𝑛 ⊃ 𝜌𝑊

invariance of 
the theory

𝑘𝑊 = 𝑚𝑊 = 0

𝜌𝑊 = 1

𝑘𝑊 = −ℎ 𝑚𝑊= −𝜈

𝜌𝑊 unconstrained

rigid SUSY

local SUSY





quarks + leptons: proof of principle

CP violation entirely 
from the moduli

good global agreement, 
but not yet a sharply 
predictive model

important caveat: 
some preferred 
Kähler metrics are 
strongly hierarchical

𝑞, 𝑙, 𝑢𝑐 , 𝑑𝑐 , 𝑒𝑐  , 𝜈𝑐~ (1,6, triplets) × multiplier



back-up: size of the Kähler deformations

charged-fermion reference fit

main naturalness caveat: the successful fit is not a perturbatively 
small deformation of a universal metric:

2

9

global CP fit

𝑐𝑜𝑛𝑑 𝐾ᵤ ≈ 1.7 × 10⁴ 𝑐𝑜𝑛𝑑 𝐾𝑑  ≈ 2.2 × 10² 𝑐𝑜𝑛𝑑 𝐾𝑞  ≈ 62

[Baur, Nilles, Ramos-Sánchez, Trautner, Vaudrevange, arXiv:2207.10677]Cfr.



best-fit parameters for G4
CP



lepton observables at best-fit point



Low-weight Jacobi forms

weight 1 Jacobi doublets



weight 1 Jacobi triplets
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  𝛾


   G  m o d = S L ( 2 , Z )


  S L  (  2 , Z ) :    S 3 ,    A 4 ,    T ′ ,    S 4 , …


  𝛾


  g


   G  m o d = S L ( 2 , Z )


  S L  (  2 , Z ) :    S 3 ,    A 4 ,    T ′ ,    S 4 , …


   G  t r a d


   T 2 /  Z 3


  Ω  ( 1 ) ≅   Δ  (  27 )   ⋊


   T ′


   U I ( g )


   𝜌 I ( 𝛾 )


  𝜙


   𝜙 c


   3  ( 0 )


  Ω  ( 1 )


   T ′


  Δ  (  27 )


   U I  ( g )             →               Δ  (  27 )       →                         ?


   𝜌 I  ( 𝛾 )               →                T ′                     →       S L  (  2 , ℤ )


   U I  ( g )             →               Δ  (  27 )       →       H ( ℤ )


  S L  (  2 , Z )


  H


   (  𝜏 , z )


  𝜏


  z


  H ( ℤ )


  S L ( 2 , ℤ )


  𝜏


  𝛾   𝜏


  h   z


  𝛾   z


  H  


  z


   𝜌 I  ( 𝛾 )               →                T ′                     →       S L ( 2 , ℤ )


  H ( ℤ )


  X


  Y


   (  𝜏 , z )  


  ( 𝜆 , 𝜇 ) ∈ ℤ


  X   Y = Y   X


  X   Y =


   e  i   2 𝜋   𝜙 Y   X


   Z 2


  X


  Y


  H ( ℤ ) =  ⟨  X , Y , Z |   Z   c e n t r a l ,   X   Y =  Z  2   Y   X ⟩


  X   Y = Y   X


  𝜏


  z


  H ( ℤ )


  S L ( 2 , ℤ )


  𝜏


    a   𝜏 + b  c   𝜏 + d


   z  c   𝜏 + d


  z + 𝜆   𝜏 + 𝜇


  𝛾   H    𝛾  − 1 = H


  𝛾   ∅ = ∅                  


  Ω  ( 1 ) ≅   Δ  (  27 )   ⋊


   T ′


   Γ J ≅ H ( ℤ ) ⋊ S L ( 2 , ℤ )


   J k  (  𝛾 , 𝜏 ) =    (  c 𝜏 + d ) k


  S L ( 2 , ℤ )


   J  k , m  (  g ; 𝜏 , w ) =    (  c 𝜏 + d ) k  e  i   2 𝜋   m   𝜃  (  g ; 𝜏 , w )


  w ≡  z 3


  q , l ,  u c ,  d c ,  e c   ~   ( 1 , 6 ,  3   ( 0 ) )


  ( k , m , 𝜌 )


   h  u , d ~ ( 0 , 0 , 1 )


   ℳ  Y X =


  (  X 1 ,  X 2 ,


   X 3 )


  (  Y 1 ,  Y 2 )


  ( 𝜏 , w )


   Y f ( 𝜏 , w ) =  (     0  0  0   0  ×  ×   0  ×  × )


   m u =  m d =  m e = 0


   V  u s =  V  u b =  J  C K M = 0


  𝜂 ≠ 0


  𝜂 = w −   a   𝜏 + b 6 = 0


  a , b ∈ ℤ


  K ∝ 1


  K = 1 +  ∑ Y   c Y   Y    Y + + …


   r u ,  r d ,  r e


   ⟨ 𝜏 ⟩ ≠ −    ⟨ 𝜏 ⟩ ∗


   ⟨ w ⟩ ≠ −    ⟨ w ⟩ ∗


   J  C K M ≠ 0


  q , l ,  u c ,  d c ,  e c   ,  𝜈 c ~   ( 1 , 6 ,


  )   ×  


   ∑ i   m i = 0 . 202   e V


    s i n 2  𝜃  23 = 0 . 460


   𝛿  C P l


  𝜋 = 1 . 46


   m 𝛽 = 0 . 06   e V


   m  𝛽 𝛽 = 0 . 06   e V


  𝜂 = w −     𝜏 + 1 6 = 0


   | 𝜂 | ≅ 1 . 5 ×   10  − 3


  𝜂 = 0  


  w =     𝜏 + 1 6


   Γ J ≅ H ( ℤ ) ⋊ S L ( 2 , ℤ )


   (  𝜏 , z )


   T 2 /  ℤ K


   T 2 /  ℤ 6


  K =  K  m o d  (  𝜏 , w ) +  K  m a t t e r


  h ,   𝜈 > 0


   K  m o d  (  𝜏 , w )  → g


   K  m o d  (  𝜏 , w ) +   log ⁡   J  h , 𝜈  (  g ; 𝜏 , w ) +   log ⁡     J  h , 𝜈  (  g ; 𝜏 , w ) -


  W = ∑   Y   I 1 …    I n  (  𝜏 , w )     𝜙   I 1 …  𝜙   I n


  W


  W  → g  J   k W ,    m W    𝜌 W  ( g )   W


   Y   I 1 …    I n  (  𝜏 , w )     𝜙   I 1 …  𝜙   I n


   𝜌 Y ⨂     𝜌   I 1


  ⨂  … ⨂     𝜌   I n ⊃  𝜌 W


   k W =  m W = 0


   𝜌 W = 1


   k W =   − h                         m W = − 𝜈


   𝜌 W


  q , l ,  u c ,  d c ,  e c   ,  𝜈 c ~   ( 1 , 6 ,


  )   ×  


  c o n d   K ᵤ  


  c o n d    K d  


  c o n d    K q  

