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Modular invariance

String theory requires extra dimensions

10D

>
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Modular invariance

String theory requires extra dimensions Images: Takuya H. Tatsuishi
t Compactification 4
10D 4D
g @ x@&*x@&
> _l >
Wlth identification W
2
7(7( t=—=, Im(r)>0
W

modulus

Lattice is invariant under basis transformations

{a)z—>a)é=aa)2+ba)1 a,b,c,d e 7 ad — bc =1

@, = W] = cw, + dw,

o art+b _
T—> 7T = modular transformations

ct+d

7 and 7’ describe the same torus
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Modular group

Homogeneous modular group

[=(S,T|S*=(ST) =1, ST = TS?) = SL(2,Z)

0 1 I 1
= T =
=50 =)

1 T
51 c D

T * ,
duality discrete shift symmetry S
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Modular group

Homogeneous modular group Im‘(f)
[=(S,T|S*=(ST) =1, §°T = TS?) = SL(2,2) == "uncamental
1 domain D
0 1 11 R
S — T = in
<_1 O> <O 1> 0 & i “__e{\*
1
g r 5t + 1 |
r a— - — Re(r)
duality discrete shift symmetry -
Fixed points
A T q
> T=1. Il>——=1 = /
l
zi 1
s T=@w=eT w2 — - = Z3ST><Z§2
w + 1
> T =100 : ioo—T>ioo+1:ioo = ZTXZ2SZ
3
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Modular-invariant SUSY theory

A =1 global SUSY action Ferrara et al., PLB 1989
<z = [d29 d’0 K(z,7) + sze W(r) + szé W(7)
Kahler potential K Superpotential W

In /" = 1 SUGRA, the action depends on G(7,7) = K(z, %)/Ml%l + In | W(T)/M%,l |2
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Modular-invariant SUSY theory

A =1 global SUSY action Ferrara et al., PLB 1989
<z = [d2(9 d’0 K(z,7) + sze W(r) + [dzé W(7)
Kahler potential K Superpotential W

In /" = 1 SUGRA, the action depends on G(7,7) = K(z, %)/Ml%l + In | W(T)/Mf;l |2

Kahler potential and superpotential Cvetic et al., NPB 1991
Modular-invariant function H
H Aj
K(r,7) = —=3A%In(—it+it) and W(r)= A%Vi kyy = 3—

W —_
”(T)zkw Ml%l
Dedekind eta function 7 (weight 1/2)

Under modular transformations
K(r,7) - K(r,7) + f(2) + f(f) with f(r) =3A%1In(ct +d)
W(z) = (ct + d)W(7) Modular weight —ky,

ky = 0 (Mp;, — o) in global SUSY, whereas ky, = 3 (Ax = Mp,) in SUGRA

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 4



Flavour puzzle and strong CP problem

Coupling to matter Feruglio, 1706.08749

W= Y,(7) ‘I’j o

7-dependent Yukawa couplings are modular forms

[ A7) > CT-I—d ’JY(T))

Talks by Ferruccio Feruglio, Mu-Chun Chen, Salvador Centelles Chulia
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Flavour puzzle and strong CP problem

Coupling to matter Feruglio, 1706.08749

W= Y,(7) ‘I’j o

7-dependent Yukawa couplings are modular forms

[ A7) > CT-I—d ”Y(T)]

Talks by Ferruccio Feruglio, Mu-Chun Chen, Salvador Centelles Chulia

Alternative solution to the strong CP problem Feruglio, Strumia, AT, JHEP 2023
(modular invariance + spontaneous CP violation)

0 = Oocp + argdet (YY)

(0 0 1 )
yi=10 1 Eg(7) s.t. det (Y”Yd) is real while Y7 are complex
1 Eq(2) E 0 +Eq2),

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 S



Modular-invariant function H

The most general form without singularities Rademacher, Zuckerman, AoM, 1938
in the fundamental domain

Integersm > 0, n > 0

(H@ = (U@ - "I PU)

E.(t 3 E (7 2 (T
4(7) _ o(D) +1= ](—) is Klein’s j-invariant (modular invariant)

T 1802 123 (o) 123

J(7)

E,(7) and E¢(7) are Eisenstein series (modular forms of weights 4 and 6)

PJ(r) =cy+cJ(r)+ ¢, J(£)* + ... We will focuson P = 1

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 6



Modular-invariant function H

The most general form without singularities Rademacher, Zuckerman, AoM, 1938
in the fundamental domain

Integersm > 0, n > 0

(H@) = (U@ — 1" PUC)

E, (1)’ Eq(7)* (7
4(7) _ 6(7) +1= ](—) is Klein’s j-invariant (modular invariant)

J(1) =
2 123 ()% 123 ()% 123

E,(7) and E¢(7) are Eisenstein series (modular forms of weights 4 and 6)

PJ(r) =cy+cJ(r)+ ¢, J(£)* + ... We will focuson P = 1

Strictly speaking H(7) is modular-invariant up to a 7-independent phase,
since 77(7) has a non-trivial multiplier system v,(S) = e~ and v,(T) = e'12

H(S7)=(-1)"H®x), H(Tr)=(=D"e ™" H(t) = H(ST)r)=e "3 H(r)

Thus H(7) is modular-invariant only if m is even and n is a multiple of 3 (important for W)

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 6



Modular-invariant potentials

In SUGRA, the scalar potential Cvetic et al., NPB 1991
V=X | KIDWDW = 3| WIPING, | with D, = 0,+ 0K/IT3,

With our K(7, 7) and W(7)
: i 2 1
Ay HO+ Y iy n| 2, |aeo|
IH'(7) +—H(z T,T — T
(2 Imr)kv | (z) | 27 3 "
_ : )

. A“l, = A%,/ A%{ defines the energy scale of the potential

V(r,7) =

. GZ(T, 7) is the non-holomorphic Eisenstein function of weight 2

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 14



Modular-invariant potentials

In SUGRA, the scalar potential Cvetic et al., NPB 1991
V=X | KIDWDW = 3| WIPING, | with D, = 0,+ 0K/IT3,

With our K(7, 7) and W(7)
: i 2 1
Ay HO+ Y iy n| 2, |aeo|
IH'(7) +—H(z T,T — T
(2 Imr)kv | (z) | 27 3 "
_ : )

. A“l, = A%,/ A%{ defines the energy scale of the potential

V(r,7) =

. GZ(T, 7) is the non-holomorphic Eisenstein function of weight 2

In the global SUSY limit k;; — 0 and

4y 2|y | 2
V(r,7) = 3AV (Im7)* | H'(7) |

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 14




Im 7

Vacuum structure

Novichkov, Penedo, Petcov, JHEP 2022 Cvetic et al., NPB 1991
and more recently
Novichkov, Penedo, Petcov, JHEP 2022
3/91 ] Leedom, Righi, Westphal, JHEP 2023
King, Wang, PRD 2024
D . :
l For most values of (m, n), minima lie on the
00 boundary of the fundamental domain D
1 L 8B0g, N
L .'zn’l;.n) (0,n) e J
(m,0) (m,0)
1/2f .
—1/2 0 1/2
Re 7
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Im 7

Vacuum structure

Novichkov, Penedo, Petcov, JHEP 2022

[ ]
(0,0)
= et :;:__ .w. ® O\’,‘:;OQ)" N
Gy O e
(m,0); el (m, 0)
0.89r¢
| (1,0)®
—1/2% s
Lk
\E (2,0)°
% 087] 0"
0.86}

—051  —050 —0.49
Re 7
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—0.48

—0.47

Cvetic et al., NPB 1991

and more recently

Novichkov, Penedo, Petcov, JHEP 2022
Leedom, Righi, Westphal, JHEP 2023
King, Wang, PRD 2024

For most values of (m, n), minima lie on the
boundary of the fundamental domain D

The exception is (m,0)



Im 7

Vacuum structure

3/2

1/2

Novichkov, Penedo, Petcov, JHEP 2022

D
o
(0,0)
It e T ”. [ ] (2\’,‘:30\, :::: n
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o) T (1, 0)
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| (1,0)®
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—0.47

Cvetic et al., NPB 1991

and more recently

Novichkov, Penedo, Petcov, JHEP 2022
Leedom, Righi, Westphal, JHEP 2023
King, Wang, PRD 2024

For most values of (m, n), minima lie on the
boundary of the fundamental domain D

The exception is (m,0)

Important for spontaneous CP violation
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Novichkov, Penedo, Petcov, AT, JHEP 2019
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Potential along the arc

Along the lower boundary of the fundamental domain

0 T 27
T=¢ev with —<0<L—
2 3
Canonically normalised real scalar field ¢
Lrin 0, 10"T 3A2 a 0o 1 o"
=K T =
iy sinzg 2 oY

[ \/7AK1ntan—
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Potential along the arc

Along the lower boundary of the fundamental domain

0 T 27
T=¢ev with —<0<L—
2 3
Canonically normalised real scalar field ¢
Lrin 0, 10"T 3A2 6 0o 10 o"
= K -0, 10/'T = =
e sinzg 2 oY

[ \/7AK1ntan—

Under both S (7 > — 1/r)and CP (t —» — 7)

0->n—-—0 & @— —@(aka Z,)

In a modular and CP-invariant theory, the potential along the arc

V(p) = V(—¢)

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026



Potential along the arc

60

40+

V/Ay

-(m,n) = (0,0)

Global SUSY

V/Ay

V/Ay

©/Nx

Arsenii Titov (Padua)

o/\k

DISCRETE 2026, Bratislava, 14/11/2026
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Potential along the arc

60

40+

V/Ay

-(m,n) = (0,0)

Global SUSY

V/Ay

V/Ay

©/Nx
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Dilaton contribution as a bias

Including the dilaton S (usually present in string-inspired theories)

K(z,%,5,5) = —=3A% In (=it +i7) + M7 Ky (S, S)

H(7) Q(S
Wiz, $) = A3, () Q(S)
n(z)*w
The scalar potential ) )
2
A} k 5 2Imr)> &
V(z. ) = L i@ + 2 H@ G )| e 2 (4-3) [ Heo) |
(2 Imz)*w | n(z) [ 2z 3 3

) 2

_ G5 Qg+ Ky; €2 | |

A =A(,S) =K (We will treat it as a free parameter)
dil | 0 |2

V(z,7) > 0aslongas A > 3

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 11



Dilaton contribution as a bias

Including the dilaton S (usually present in string-inspired theories)

K(z,%,5,5) = —=3A% In (=it +i7) + M7 Ky (S, S)

H(7) Q(S
Wiz, $) = A3, () Q(S)
n(z)*w
The scalar potential ) )
2
A} k 5 2Imr)> &
V(z. ) = L i@ + 2 H@ G )| e 2 (4-3) [ Heo) |
(2 Imz)*w | n(z) [ 2z 3 3

) 2

_ G5 Qg+ Ky; €2 | |

A =A(,S) =K (We will treat it as a free parameter)
dil | 0 |2

V(z,7) > 0aslongas A > 3

Global SUSY ) King, Wang, Zhou, JCAP 2025
ky, — 0 and A disappears, unless A ~ 1/ky, ~ M%I/A%{
4AS, A
Vit,7T) = Im7)? | H'(7) |> + —=A | H(7) |?
(z,7) 3A%<( )| H'(7) | i, | H(7) |

E:an serve as a bias
(modular-preserving, but SUSY breaking)

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 11



Dilaton contribution as a bias

IR I | T I I | I I I |I L L I

-.Global SUSY  (m,n) = (0,3)
SUGRA A=

30

I | I I I | I I I 1 I

0
| | | | | | | | | | | | |
0.0 0.2 0.4 0.6
v/ NK
For global SUSY
4 4 2 2 A%{ 2
V(r,7) = Ay|=Umo)" |H'(7) |+ — A|H(7)]
ky /3

and the reported values are those of A A%/M% = A ky,/3

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026
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Dilaton contribution as a bias

IR I | T I I | I I I | I I I I T T T | I I I | I

-.Global SUSY  (m,n) = (0,3)
SUGRA A=

30

I | I I I | I I I 1 I

0
| | | | | | | | | | | | |
0.0 0.2 0.4 0.6
T=1 o/ Ag T=w
For global SUSY
— 4 4 2 2 A%( 2
V(r,7) = Ay|=Umo)" |H'(7) |+ — A|H(7)]
ke /3

and the reported values are those of A A%/M% = A ky,/3
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Modular domain walls

T Cvetic, Quevedo, Rey, PRL 1991

80 | (m,n) =(0,3) - . .
I _ A—0 Cvetic, Griffies, Rey, NPB 1992
6oL oy 43 Cvetic, Davis, PLB 1992

King, Wang, Zhou, JCAP 2025

Importantly, these vacua are not
related by a symmetry transformation,
unlike in the case of traditional
discrete symmetries

Talk by Jessica Turner

o/ N

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 13



Modular domain walls in global SUSY

Static wall perpendicular to z-axis Cvetic, Quevedo, Rey, PRL 1991
Cvetic, Griffies, Rey, NPB 1992
Tension (energy per unit area) Cvetic, Davis, PLB 1992
+00 oo
_ __ : I :
o= | dz (K;0,70,7+ K"0,Wo,W) = J dzK_- |07 — e’“K”a%W‘ +2Re (e “AW)

Kinetic energy Potential energy
density density

—Oo0

AW = W(rt(z = + o0)) — W(t(z = — o))

Choosing the phase a s.t. e "“*AW = | AW, the Bogomolnyi bound follows

[022|AWD

It is saturated when 7 satisfies the BPS equation (first-order ODE)

0.1 = e“K"0.W

For ¢ = ¢(z), the EOM is dg(p = dV/0p and its first integral is (dz(p)2/2 = V() implying

o = J'dz(dzqﬂ)2 = [dgoﬁZV(qp)

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 14



Modular domain walls

(m,n) = (0,3) i.e. H(t) = J(7): two vacua case

O7__ ____________________ ] 60

- — global SUSY mm——-
0.6F === SUGRA -

Ol /’ I sof
L / 4 i
0.5¢ ! 1 [

- — global SUSY

-=- SUGRA

f

b,

L ,' _ <t |

= ' 1 = 30

> 0.3} 1

0.2 ‘ ] 201

i ] i

0.1 A 10

i ] i

SR |
0.0———=2>%- - 0 F—————
—0.4 —0.2 0.0 0.2 0.4 —0.4 —0.2

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026

0.0 0.2 0.4
Z/go

For global SUSY domain walls
in the two vacua case see also
King, Wang, Zhou, JCAP 2025

£y = A&l A3,

(1 2 .
E(GZQO) in SUSY

L%(drqo)z in SUGRA

dr = b(z) dz proper distance

In SUGRA, a MinkowskKi
vacuum and an AdS vacuum
may be connected by a static
BPS wall since the pressure
difference is balanced by the
gravitational contribution

encoded in the warp factor b(z)

15



Modular domain walls

(m,n) = (0,3) i.e. H(
I R S DL
- — global SUSY mm——-
0.6F ——- SUGRA e
i /// ]
0.5¢ /
L 1
i/
0.4 /
< - I
~— -
> 0.3
0.2 ‘
. 1
0.1} ]
. 1
.
00— 11
—0.4 —0.2 0.0 0.2 0.4
Z/go

= J(7): two vacua case

60— T
- — global SUSY
- ==- SUGRA
50+
I [
i i
40 i
- ll
<> i :||
= 30 1!
<~ [ h
i )1
20| ; ‘||
- I
of f\
0- L L L L |j ¥| Il Il Il
—-0.4 -0.2 0.0 0.2 0.4
Z/go

(m,n) = (2,3)i.e. H(t) = (J(r) — 1) J(7): three vacua case

L — L
0.6F — 723 o o
- — global SUSY ,/
0.5 --- SUGRA /7
o 0.4 /
< L
~ - /
9~(l3_ A41:f9' _
i 7
0.2} 7/
0.1} /
L /
—0.4 —0.2 0.0 0.2 0.4
Z/EO

Arsenii Titov (Padua)
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10 |'|
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5 N
—-0.4 —0.2 0.0 0.2 0.4
Z/go

For global SUSY domain walls
in the two vacua case see also
King, Wang, Zhou, JCAP 2025

£y = A&l A3,

(1 2 .
E(GZqo) in SUSY

N

L%(drqo)z in SUGRA

dr = b(z) dz proper distance

In SUGRA, a MinkowskKi
vacuum and an AdS vacuum
may be connected by a static
BPS wall since the pressure
difference is balanced by the
gravitational contribution

encoded in the warp factor b(z)
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Biased modular domain walls

(m,n) = (2,3)i.e. Hit) = (J(r) — 1) J(7): three vacua case
with dilaton contribution A # 0O in global SUSY

10—
— A=0.1
| — A =
8 —— A=10
L — A =130
L A=100 [\
<> -
< _ \
~
> |
| \ \
) Y)\\
00— ] 0 N e
—0.4 —0.2 0.0 0.2 0.4 —0.4 —0.2 0.0 0.2 0.4
Z/g() Z/E()

Two walls i | 7y and 7, | @ “recombine” into a single composite non-BPS wall i | @

The dilaton contribution A # 0 alone does not break the degeneracy V(i) = V(w) = 0,
and hence, does not drive annihilation of the composite i | @ walls. An additional bias is needed.

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 16



Gravitational waves from domain walls

AS, 2 o
Viias.1 = —= > ‘H(TO)‘ dilaton contribution
Mg,

Viiaso = ‘ V(i) — V(a))‘ ad hoc bias (e.g. « |J(7) |, since J(i) = 1 and J(w) = 0)

In the unbiased BPS limit

Oilry = Oplw = 2| W(zy) | since W(i) = W(w) =0

With a small Vi,

01 ~ Uilro — O-rola)

With a small V};,. »
0y ~ Uilro + arola) ~ 20-1

During radiation domination, a scaling wall network annihilates when the bias pressure and the

tension pressure balance, at
o ) 20, 2Vbias.1
and 7,7 X ~ ~
Vbias, 1 Vbias,2 Vbias,Z Vbias,2

%

tann,l X ann, 1

|f Vbias,Z < zvbias,l’ then tann,Z > tann,l

Arsenii Titov (Padua) DISCRETE 2026, Bratislava, 14/11/2026 17



Gravitational waves from domain walls

Benchmarks

f1 = 8.5x10'° Hz \/A (A /M,

Q h*~1.6x107°A2

P>

Benchmark A Aw / Mp, Vhias.2/ Vbias.1
BK1 108 2.5 x 10714 1.4

BK2 2.5 x 10* 3x 10710 2 x 1072
BK3 2.5 x 106 2.5x 108 2 x 1074
BK4 2 x 102 4 x 103 1.4

i NANOGraV 1

- ——— stage 1

1018 stage 2
L mes total
10—20 ! ! yA
107 107

Arsenii Titov (Padua)

DISCRETE 2026, Bratislava, 14/11/2026

18



Conclusions

» Modular invariance is motivated by toroidal string theory compactifications
> It can be implemented consistently in an EFT

> It offers a promising approach to the flavour puzzle and the strong CP problem

7 It also shapes the potential of the modulus 7

» Supergravity-motivated modular-invariant potentials have several minima and
support formation of domain walls in the early Universe

» Biased modular domain walls can lead to testable gravitational waves providing
a window to modular symmetry



Back-up slides
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Domain walls between modular images

Since H(7) has a non-trivial multiplier system, W — ¢ W in particular

W(St) = (= 1)"W(r) and W((ST)7) = e 2" "*W(7)

The tension 0 = 2| AW/| can be non-zero for certain modular images

(m,n) Walls between modular- Walls between modular images
inequivalent vacua

(0,0) V=0 —

(0,1) i i|(ST)i

(1,0) - w|Sw

(1,1) — 70| ST0, 0|(ST )70

(0,n > 2) i|w —

(m > 2,0) i|w —

(1,n > 2) To|w T0|S7T0

(m >2,1) t|To 70|(ST') 7o

(m>2,n>2) ilmn, olw —

Arsenii Titov (Padua)

DISCRETE 2026, Bratislava, 14/11/2026
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Modular domain walls in SUGRA

The wall back-reacts on the metric Cvetic, Griffies, Rey, NPB 1992

Cvetic, Davis, PLB 1992
ds? = bz(z)(alt2 —dx? —dy* — dzz)

Warp factor b(z)

The BPS equation generalises as

_ _( DWW
0,1 = — (b XMW | W) K<—W >

o IWV1

_ KI(2M3
0,Inb=¢_be A

The Bogomolnyi bound is
c>2|ALZ)| with Z(z,T) = eKCMw | W |

Importantly, a Minkowski vacuum and an AdS vacuum may be connected by a static BPS wall
since the pressure difference is balanced by the gravitational contribution encoded in b(z)
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Gravitational waves from domain walls

Annihilation temperature, and peak frequency and amplitude today: Saikawa, Universe 2017

(T. ) —1/4 —172 v 172
T, ~9.46x 107 GeV Co12g-12 [ £2 am] o bias
100 M%l M%l
~1/12 ~1/2 12
f ~ 1.53 x 1011 Hz cZ 129172 8+ ann) o Viias
ann 100 M%l Mgl

e N o N (Vi \
Q h?~8.63%x 10 7es4C2, — plas
P 100 M3, M3,

First-stage scaling with A and Ay,

~5.29% 107 GeV /A (Ay/Mp)"

>3/2

ann 1
fo1 = 8.54x 1010 Hz \/A (A /My,

Q, 7%~ 159 x 107°A~

GW spectrum (assuming broken power law)

h2Qaw(f) = Z h’Q,

3+3xk
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Modular group

Homogeneous modular group

F= (S, T|S*=(ST)y =1 S°T=TS?*) = SL(2,2)

(0 1 (11
s=(50) 7=(1)
s 1

T
T—> —— T>7+ 1

T
duality discrete shift symmetry

Inhomogeneous modular group
T'=(S,T|S*=(ST)Y =1I)=PSL(2,2) = SL(2,2)/{I, - I}

In other words, SL.(2,7) matrices y and —y are identified

at+ b () —ar —b
T YT = T (—y)r= = yT
/ ct+d ! —ct—d !
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Modular forms

Holomorphic functionson #Z = {r € C : Im(r) > 0} transforming under I" as

[ f(r1) = (ct+d)" f©, yer j

k is weight, a non-negative even integer

y=—-1 = f(T)=(—1)kf(T) = kiseven

Modular forms are periodic and admit g-expansions

y=1= <(1) }) > fe+1D)=fr) = f(T):Zanqn» g = ¥
n=0

Modular forms of weight k form a linear space .Z , of finite dimension

-

0 if k is negative or odd
dim ., = { |k/12] if k=2 (mod 12)
L[k/12J + 1 if kK % 2 (mod 12)
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Modular forms

Holomorphic functionson #Z = {r € C : Im(r) > 0} transforming under I" as

[ f(y7) = (ct+d)" f@), yer j

k is weight, a non-negative even integer
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Modular forms

Holomorphic functionson #Z = {r € C : Im(r) > 0} transforming under I" as

( f(yr) = (ct+d) f©, yer j

k is weight, a non-negative even integer

Normalised Eisenstein series

1 1
Ei(7) = ——
{0 =220 (m,,,;o, ) (m+ ot

Each modular form of weight k can be written as a polynomial in £, and E;

f@ =) cy,E{0)EX)  with  4a+6b=k
a,b>0
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Modular forms

Holomorphic functionson #Z = {r € C : Im(r) > 0} transforming under I" as

[ f(yr) = (ct+d) f©, yer ]

k is weight, a non-negative even integer

Normalised Eisenstein series

1 1
Ei(7) = ——
{0 =220 (m,rgzo, ) (m+ ot

Each modular form of weight k can be written as a polynomial in £, and E;

f@ =) cy,E{0)EX)  with  4a+6b=k
a,b>0

Modular weight £ |0 2 4 6 8 10 12 14

Modular forms 1 - E4 E6 Eg = EZ ElO = E4E6 Ei), Eg E14 = EiE(;
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Im

1.0

1.8
1.6
14+

1.2+

E4 and EG

3 n

_ NI 2 3 4 5
Efr)=1+240 ) —— =1 +240q + 2160¢° + 6720¢° + 175204 + 0(q")
n=1 —4q
o nq" 2 3 4 5
Eg(r) =1-504 ) - = 1 — 504q — 1663292 — 12297643 — 532728¢* + O(q°)
—_— ql’l
n=1
((Im 12 E ()] (Im 13 Eg (o) arg F3/E2
2.0 [ 2.0 [ g g 20 —pmmE
> 1.8; (i 1.8; ]
I I . I ]
R ¥} 1.6} 4 1.6; !
- .t 7 0.01 -
e Ew4 3 E 4 04 |
\/ . /\ i mm
OM \ : /Q\ \ il ot i
06 04 02 00 02 04 0¢ 06 04 02 00 02 04 0¢ 06 04 02 00 02 04
Re Re Re
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Modular-invariant SUSY theories

Ferrara et al., PLB 233 (1989) 147
Feruglio, 1706.08749

b c Ferrara et al., PLB 225 (1989) 363
c d

Under modular transformations y = <a

T— ZZ ::__ Z modulus is promoted to a (dimensionless) superfield
S—->39 dilaton

OJES (CT + d) o ) matter supermultiplets kg is modular weight of @
VoV vector supermultiplets

Modular symmetry acts non-linearly on field space
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Modular-invariant SUSY theories

b) c Ferrara et al., PLB 225 (1989) 363

Ferrara et al., PLB 233 (1989) 147

n a
Under modular transformations y = <
Feruglio, 1706.08749

c d

T— ZZ ::__ Z modulus is promoted to a (dimensionless) superfield
S—->39 dilaton

OJES (CT + d) o ) matter supermultiplets kg is modular weight of @
VoV vector supermultiplets

Modular symmetry acts non-linearly on field space

Modular invariance of the action requires

Kz, ®, 7", @) - K(z, ®, 71, ®) + fi(z, ®) + ¢ (¢, D)
Wiz, @) = W(z, D)

£8,70) > £8,7) + — 22T, (D) kg In(c + d)
L o T (®) is Dynkin index of ® gauge rep

anomaly term . nishi, Shizuya, Nuovo Cim. A 90 (1985) 111
Arkani-Hamed, Murayama, hep-th/9707133

AN
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Modular-invariant SUSY theories

Minimal Kahler potential
D'V

K=—-h?In(—-it+it") +
( ) %(—i’[+iﬂ)k¢
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Modular-invariant SUSY theories

Minimal Kahler potential
D'V

K=-h*In(-it+it") + )

o (—i’c + iﬂ)kq)

Superpotential

1
W= Ui Yi(2) Q;H,+ Df Yg(f) Q;H,+ Ef Yi(v) L H; + Z—ALLl. Ci(v) L;H,H,
7-dependent Yukawa couplings (and Majorana mass)

kyu .
Yg(f) — (CT + d) Ty Yg(r) with leSg = kUic + ij +ky
(similarly for Y¢, Y¢, CY)

are modular forms!
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Modular-invariant SUSY theories

Minimal Kahler potential

K=-h*In(-it+it") + ) -
o (—i’c+iﬂ) ®

dTe?Vd

Superpotential

1
W= Ui Yi(2) Q;H,+ Df Yg(f) Q;H,+ Ef Yi(v) L H; + 2_ALL" Ci(v) L;H,H,
7-dependent Yukawa couplings (and Majorana mass)

kyu .
Yg(f) — (CT + d) Ty Yg(r) with leSg = kUic + ij +ky
(similarly for Y¢, Y¢, CY)

are modular forms!

 det (YY) - (cz+d)"™ det (YY) h
3

DY (2le_ kg +k ) +3 <kHu + kHd>

. =1 )
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Modular invariance and CP

Fields

CP ¥

T>—1T and CI)EP;(IDT

Modular forms

Y(7) & Y(—7%) = Y(1)*

Novichkov, Penedo, Petcov, AT, 1905.11970; Baur, Nilles, Trautner, Vaudrevange, 1901.03251
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Modular invariance and CP

Fields

CP ¥

T>—1T and CI)SP;CIDT

Modular forms

Y(7) & Y(—7%) = Y(1)*

CP-conserving values of 7

T =y 7% =yt (goes to itself up to y)

. CP .
1. T=1y > 1y

1 o 1
2. T =——+1 —+iv=1T7
p T Ty T

. CP . \ L '1
.7=¢e¥Y S—e" =97 -1 i 14 1 R@(T)

Novichkov, Penedo, Petcov, AT, 1905.11970; Baur, Nilles, Trautner, Vaudrevange, 1901.03251
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Finite modular groups

Infinite normal subgroups of SL(2,7), N=2,3,4,...

_J[a D a b (1 0
F(N)—{(C d)ESL(2,Z), (c d>_<0 1) (modN)}

Principal congruence subgroups of the modular group
TQ)=r)/{I, -1} TWN)=IT(\N), N>2

Finite modular groups

[y =T/T(N)
Ty=(S,T|S*=@T)y°=1"=I), N=2,3,4,5
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Theories based on finite modular groups

A =1 rigid SUSY matter action
S = [d4x d’0d%0 K(z,7,yw, ) + [d‘lx d%0 W(r, y) + [d4x d’0 W, )

Ferrara, Lust, Shapere, Theisen, PLB 225 (1989) 363
Ferrara, Lust, Theisen, PLB 233 (1989) 147

-

at + b
T —
< U N {W(T, w) = W(z,yp) B
_ki ~ K(Ta fa llja l/_/) — K(Ta f? llja l/_/) +fK(Ta l//) +fK(,f9 l/_/)
= (CT + d) P 7)w;

A Feruglio, 1706.08749
Cunitary representation of FN)

W(z,y) = 2 Z 2 8iy .. iy (Yil...in,s(f) ‘//il"'l/’in>

n {i,...l,} S

1,s
kY= kll+ coe +kln

Y(z) £ “py(7) Y
() = (et + d)py(¥) Y(2) P ®p ®..®p; D1

(Yukawa couplings are modular forms! )
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